Abstract. In this paper, we establish a boundary Schwarz lemma for solutions to nonhomogeneous biharmonic equations.
Introduction and Main Result
The classical Schwarz lemma says that an analytic function f from the unit disk D = {z ∈ C : |z| < 1} into itself with f (0) = 0 must map each smaller disk {z ∈ C : |z| < r < 1} into itself. Also, |f (0)| ≤ 1, and |f (0)| = 1 if and only if f is a rotation of D. This is a very powerful tool in complex analysis. An elementary consequence of Schwarz lemma is that if f extends continuously to some boundary point α, |f (α)| = 1, and if f is differentiable at α, then |f (α)| ≥ 1 (see, for example, [8, 14] ).
Establishing various versions of Schwarz lemma and boundary Schwarz lemma has attracted many researchers in recent years. In [4] , Burns and Krantz obtained a Schwarz lemma at the boundary for holomorphic mappings defined on D as well as on balls in C n . They have also obtained similar results for holomorphic mappings on strongly convex and strongly pseudoconvex domains in C n . Liu and Tang in [9] obtained the boundary Schwarz lemma for holomorphic mappings defined on the unit ball in C n . We refer the survey article by Krantz [12] for a brief history on the Schwarz lemma at the boundary.
The Schwarz lemma at the boundary plays an important role in complex analysis. For example, by using the Schwarz lemma at the boundary, Bonk improved the previously known lower bound for the Bloch constant in [3] . The boundary Schwarz lemma is also a fundamental tool in the study of the geometric properties of functions of several complex variables; see [9] [10] [11] . In this paper, we are interested in establishing a boundary Schwarz lemma for functions which satisfy certain partial differential equations, namely, the non-homogeneous biharmonic equations. We now proceed to write some notations and preliminaries which are required to state our result.
We denote by T = ∂D the boundary of D, and by D = D ∪ T, the closure of D. For any subset Ω of C, we denote by C m (Ω), the set of all complex-valued m-times continuously differentiable functions from Ω into C, where m ∈ N ∪ {0}. In particular, C(Ω) := C 0 (Ω) denotes the set of all continuous functions in Ω. For z = x + iy ∈ C with x, y ∈ R, the formal derivative of a complex-valued function f = u + iv is given by
where
We use
. We are interested in the following nonhomogeneous biharmonic equation defined in D:
with the following associated Dirichlet boundary value:
is the Laplacian of f .
In particular, if g ≡ 0, then any solution to (1.1) is biharmonic. For the properties of biharmonic mappings, see [7, 15] . Chen et. al. in [5] have discussed the Schwarztype lemma, Landau-type theorems and bilipschitz properties for the solutions of nonhomogeneous biharmonic equations (1.1) satisfying (1.2).
Suppose that
and
denote the biharmonic Green function and (harmonic) Poisson kernel in D, respectively. It follows from [2, Theorem 2] that all the solutions to the equation (1.1) satisfying the boundary conditions (1.2) are given by
Here dA(w) denotes the Lebesgue area measure in D.
The solvability of the non-homogeneous biharmonic equations has also been studied in [13] .
Let us recall the following version of the boundary Schwarz lemma of analytic functions, which was proved in [9] . This useful result has attracted much attention and has been generalized in various forms (see, e.g., [6, 17] [16] ). By analogy with the studies in [16] , we discuss the boundary Schwarz lemma for the functions with the form (1.4). Our result is as follows. Note that a different form of the boundary Schwarz lemma for functions with the form (1.4) was proved in [5] .
and g ∈ C(D) satisfy the following equations:
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where P ϕ 1 and ϕ 1 are defined in (1.5) and (1.6), respectively.
In particular, when P ϕ 1 ∞ = g ∞ = 0, the following inequality is sharp:
We have the following two remarks.
(1) For analytic functions, the value of βf (α)α in Theorem A is a real number. However, this is not true for the case of the solutions to the equation ( .7) is always positive for all ϕ 1 and g with (
Proof of Theorem 1.1
We start with the following lemma.
Lemma 2.1. Suppose g ∈ C(D) and h ∈ C 4 (D) satisfy the following equations:
where ψ 1 (e it ) = ψ(e it )e −it .
In particular, when P ψ 1 ∞ = g ∞ = 0, the following inequality is sharp:
Proof. The assumptions of the lemma ensure that h has the form (1.4), i.e.,
Since the analyticity of h * in D gives
we obtain that
By the proof of Theorem 1.1 in [5] , we have the following estimates:
Moreover, it follows from the assumption h(0) = 0 that
and so, we get
Based on the above estimates, together with the fact P h * ∞ ≤ 1, the inequality (2.3) is changed into the following form:
Since h is differentiable at z = 1, we have
where o(x) means a function with lim x→0 o(x)/x = 0. Then we deduce from (2.4) that
By letting z = r ∈ (0, 1) and r → 1 − , we get To finish the proof of the lemma, it remains to check the sharpness of the inequality (2.1). For this, we borrow the following function from [1, Page 127]:
It can be seen that h is harmonic in D with h(0) = 0 and h(1) = 1. 2 , we know that both h z and h z are continuous at z = 1. This guarantees the differentiability of h at this point. we see that h is our needed extremal function for the sharpness of (2.1). The proof of the lemma is complete.
Proof of Theorem 1. The inequality (1.8) is obvious. For its sharpness, let f(z) = 2β π arctan αz + αz 1 − |z| 2
